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We study a Cooper pair transistor realized by a mesoscopic superconductor island that couples
to a pair of s-wave superconducting leads. For a trivial island, the critical supercurrent between
the leads exhibits a well-known 2e-periodicity in the island-gate charge. Here, we show that for
an island with spatially separated zero-energy Majorana or Andreev bound states the periodicity
of the magnitude of the critical supercurrent transitions to 1e in the island-gate charge. Moreover,
for Andreev bound states the current-phase relation displays a sign reversal when the parity of the
charge ground state of the island changes between even and odd. Notably, for Majorana bound
states the same sign reversal does not occur. Our results highlight the relevance of measuring the
full current-phase relation of a Cooper pair transistor for clarifying the nature of zero-energy bound
states in candidate systems for topological superconductors and provide an initial step towards
integrating Majorana qubits in superconducting circuits.
PACS numbers: 74.50.+r; 85.25.Cp; 71.10.Pm
Topological superconductors (TSCs) hosting spatially
separated Majorana bound states (MBSs) form a key
component of robust quantum computing architectures
[1–15]. Proposed realizations of TSCs comprise super-
conductor (SC) - semiconductor nanowires under strong
magnetic fields [16–21], magnetic atom chains on a SC
[22–28] as well as vortex cores in SC-topological insu-
lator devices [29–31]. Most notably, in these candidate
platforms, the emergence of a zero-bias conductance peak
has been perceived as a first step towards verifying the
existence of MBSs [32–34]. However, zero-bias conduc-
tance peak measurements have difficulties in differentiat-
ing a zero-energy MBS from zero-energy Andreev bound
states (ABSs) that can also appear in the systems listed
above [35–38]. Hence, we need a more refined diagnostic
tool to discriminate between MBSs and ABSs.
With the goal of creating such a more refined diag-
nostic tool, we revisit a well-established superconduct-
ing circuit element: The Cooper pair transistor (CPT);
realizable by a mesoscopic SC island coupled to s-wave
SC leads, see Fig. 1(a). In the trivial regime, shown in
Fig. 1(b), the properties of CPTs have been experimen-
tally studied for many years [39]. Most crucially, the su-
percurrent across a CPT exhibits, in the absence of quasi-
particle poisoning [40–43], a characteristic 2e-periodicity
in the island-gate charge [44–49].
In this work, we generalize the concept of the CPT
in two ways: First, to the “Majorana superconducting
transistor” (MST) where the SC island hosts two spa-
tially separated MBSs, see Fig. 1(c). Second, to the “An-
dreev superconducting transistor” (AST) where the SC
island hosts two spatially separated ABSs that are de-
composable into two MBSs each, see Fig. 1(d). We find
that for both devices, the magnitude of the critical su-
percurrent exhibits a characteristic 1e-periodicity in the
island-gate charge provided that the MBSs or the ABSs
reside close to zero energy. While this signature discrim-
inates the trivial, unpoisoned CPT from both the MST
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FIG. 1. (Color online) (a) A CPT realized by mesoscopic SC
island (gray) of length d that weakly couples to a pair of s-
wave SC leads (red). The two SC leads also couple directly
to each other forming a SQUID loop with magnetic flux Φ.
(b) Trivial CPT. (c) MST with two spatially separated MBSs
γ1, γ2 (yellow). (d) AST with two spatially separated ABSs
that are decomposable into four MBSs γ1, γ2, γ3, γ4 (yellow).
and the AST, the MST and the AST are also distinguish-
able among themselves: For the AST, the current-phase
relation reverses its sign when the parity of the island-
ground state charge changes between even and odd. In
contrast, the MST shows no such sign reversal.
Our findings highlight the significance of measuring the
full current-phase relation in the MST or AST for under-
standing the nature of zero energy bound states in TSC
candidate systems. In addition, the concept of the MST
provides a first step towards integrating a Majorana qubit
in an all-superconducting circuit [14, 15]. Such an inte-
gration is attractive as it promises improved protection
from quasiparticle poisoning due to the finite SC gap in
the circuit and may, therefore, constitute a viable plat-
form for Majorana-based quantum computing.
Setup. We study a CPT realized by a mesoscopic SC
island that connects to the ground via a capacitor and
weakly couples to a pair of s-wave SC leads, see Fig. 1(a).
Within this setup, the two SC leads also couple directly
to each other and, in this way, form a superconducting
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2quantum interference device (SQUID). We label the SC
leads by m = L,R and we describe them in terms of a
BCS (Bardeen-Cooper-Schrieffer) Hamiltonian,
HSC =
∑
m=L,R
∑
k
Ψ†m,k
(
ξkηz + ∆mηxe
iϕmηz
)
Ψm,k. (1)
Here, Ψm,k = (cm,k↑, c
†
m,−k↓)
T is the Nambu spinor in
the m-SC lead acting on the Pauli matrices ηx,y,z with
cm,ks being the electron annihilation operator for mo-
mentum k and spin s =↑, ↓. The single-particle disper-
sion is ξk. Moreover, the SC gaps and phases are ∆m,
ϕm. For simplicity, we will assume that both SC leads
have identical SC gaps, ∆ ≡ ∆L = ∆R.
Since the SC island is of mesoscopic size, it acquires
a substantial charging energy that suppresses extrinsic
quasiparticle poissoning,
UC(n) = (ne−Q)2/2C. (2)
Here, n counts the number of electron charges e on the
SC island and Q is a gate charge which we can tune
continuously via a gate voltage Vg across a capacitor with
capacitance C. We distinguish two regimes:
(1) In the MST regime, which is depicted in Fig. 1(b),
the SC island hosts two MBSs γ1, γ2 at opposite termi-
nal points. If the length d of the SC island is comparable
to the MBS localization length, the two MBSs γ1, γ2 ac-
quire a finite energy splitting ε12. We model this energy
splitting by the Hamiltonian,
HMBS = iε12γ1γ2. (3)
By tuning the gate charge Q/e so that the SC island
hosts n0 electron charges in its ground state, the total
fermion parity of the SC island obeys [50, 51],
iγ1γ2 = (−1)n0 . (4)
For well-separated MBSs, ε12 = 0, this constraint reduces
the two-fold degenerate ground state at zero charging
energy to a non-degenerate ground state.
(2) In the AST regime, which is shown in Fig. 1(c),
the SC island hosts two ABSs at opposite terminal points
whose field operators are decomposable into four MBSs
γ1, γ2, γ3, γ4 in total. We model the coupling between the
four MBSs by the Hamiltonian,
HABS = i
∑
i<j
εijγiγj . (5)
Here, εij are coupling constants. Similar to the topolog-
ical regime, we tune the gate charge Q/e so that the SC
island hosts n0 electron charges in its ground state. The
total fermion parity then satisfies,
γ1γ2γ3γ4 = (−1)n0 . (6)
For zero-energy ABSs, εij = 0, this constraint reduces
the four-fold degeneracy of the ground state at zero
charging energy to a two-fold degeneracy.
Next, we couple the SC leads to the MBSs on the SC
island. The tunnelling Hamiltonian is [52–55],
HT =
∑
m,i
∑
k,s
λsmi c
†
m,ksγie
−iφ/2 + H.c. (7)
Here, the point-like and complex tunnelling amplitudes
λsmi couple the lead fermions in the m-SC to the MBSs γi
where i = 1, 2 for the MST and i = 1, ..., 4 for the AST.
Notably, the lead fermions couple to all MBSs due to
the finite length d of the SC island [56, 57]. In addition,
the operators e±iφ/2 increase/decrease the total charge
of the SC island by one unit, [n, e±iφ/2] = ±e±iφ/2 while
the MBS operators γi flip the number parity. Lastly,
couplings to above-gap quasiparticles in the SC island
are negligible assuming a sufficiently large SC gap in
the SC island. Such a large SC gap with no subgap
conductance is conceivable in semiconductor nanowires
or two-dimensional electron gases proximitized by an
Al/NbTi/NbTiN multilayer SC [58].
In a final step, we connect the SC leads directly to
each other via a conventional Josephson junction. We
describe the latter by the tunneling Hamiltonian,
HT,ref =
∑
k,s
λrefe
ipiΦ/Φ0c†L,kscR,ks + H.c. (8)
Here, for simplicity, the point-like tunnelling amplitude
λref is taken to be real and spin-independent. More-
over, Φ denotes a flux piercing through the SQUID-loop
and Φ0 = e/2h is the flux quantum. We have made
the inessential assumption that the tunneling is spin-
conserving.
In summary, the full Hamiltonian for the MST is given
by H = HSC +UC(n) +HMBS +HT +HT,ref and for the
AST by H ′ = HSC + UC(n) +HABS +HT +HT,ref.
Supercurrent in the MST regime. We are now in the
position to compute the supercurrent due to Cooper pair
tunnelling between the SC leads mediated by the MBSs
γ1, γ2 on the MST. We will focus on nearly-zero-energy
MBSs, ε12  ∆, U with U ≡ e2/2C, which is the only
relevant case for qubit applications [5–15].
As a starting point, we note that to second order in
the tunnelling amplitudes λsmi, the energy gap ∆ of the
SC leads suppresses single electron transfer across the SC
island. Similarly, the charging energy U of the SC island
suppresses Cooper pair transfer between each individual
SC lead and the SC island. Consequently, no Josephson
coupling between the SC leads arises from second-order
processes in the tunnelling amplitudes λsmi.
In a next step, we examine fourth-order sequences in
the tunnelling amplitudes λsmi. Here, we find that the
only sequences which generate a finite Josephson cou-
pling involve a Cooper pair moving between the SC leads
3by tunnelling both in and out of the SC island via the
spatially separated MBSs γ1 and γ2. Crucially, these se-
quences are ∝ (γ1γ2)2 = 1 and, therefore, independent
of the total fermion parity of the SC island.
We calculate the amplitudes of the relevant sequences
in the weak coupling limit, piνm|λsmi|2, piνmλ2ref  ∆, U
with νm the normal-state density of states per spin of the
m-SC at the Fermi energy. We summarize our results by
an effective Hamiltonian,
Heff = −Jref cosϕref − J cosϕ, (9)
where we disregard all contributions that are independent
of the SC phases and do not add to the supercurrent.
The first term in the effective Hamiltonian describes
the Josephson junction that directly couples the two SC
leads. Here, Jref ∼ λ2ref/∆ is the corresponding Joseph-
son coupling and ϕref = ϕL − ϕR − 2piΦ/Φ0 is the phase
drop across the junction. The second term captures the
indirect coupling of the SC leads through the SC island.
We give the microscopic form of the Josephson coupling
J in [59]. Here, it suffices to remark that J 6= 0 provided
that |ΓL12ΓR12| 6= 0 where Γmij ≡ piνm(λ↓miλ↑mj − λ↑miλ↓mj)
is the hybridization between the m-SC and the MBSs γi,
γj . Lastly, the phase drop in the second term of the ef-
fective Hamiltonian is ϕ = ϕL − ϕR + ϕ0 where ϕ0 is
an anomalous phase shift that arises from the complex
tunnelling amplitudes λsmi.
The effective Hamiltonian of Eq. (9) is our first main
finding. The resulting supercurrent is given by
I = Iref,0 sinϕref + I0 sinϕ, (10)
where Iref,0 = 2eJref/~ and I0 = 2eJ/~. The current-
phase relation of Eq. (10) is measurable through the flux-
dependence the critical supercurrent, Ic = maxϕ[I]. For
a highly-asymmetric SQUID, Iref,0  I0, we have,
Ic = Iref,0 + I0 cos
(
2piΦ
Φ0
+ ϕ0
)
. (11)
Notably, this expression for the critical supercurrent de-
pends on two tuning parameters:
The first tuning parameter is the island-gate charge Q
entering as a result of virtual transitions to excited charge
states, I0 = I0(Q). In Fig. 2(a), we depict this depen-
dence schematically for the case of zero energy splitting
between the MBSs, ε12 = 0. Notably, the critical su-
percurrent is 1e-periodic in the gate charge Q and in-
dependent of the total fermion parity (−1)n0 on the SC
island. This 1e-periodicity arises because the replace-
ments Q → Q + e, n0 → n0 + 1 leave the charging en-
ergy and, hence, the Josephson coupling J invariant. In
the next section, we will show that, interestingly, this
1e-periodicity of the critical supercurrent will not carry
over from the MST to the AST. At this point, two further
remarks are in order:
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FIG. 2. (Color online) (a) Schematic plot of the critical su-
percurrent Ic passing through a MST versus the island-gate
charge Q.The supercurrent is 1e-periodic in the island-gate
charge, not 2e-periodic as for a trivial CPT. (b) Schematic
plot of the critical supercurrent I ′c versus the magnetic flux Φ
through the SQUID loop of the MST. The critical supercur-
rent is independent of the total fermion parity (−1)n0 of the
SC island. (c) Same as (a) but for an AST. The magnitude of
the critical supercurrent is still 1e-periodic in the island-gate
charge. Yet, the sign of the critical supercurrent reverses when
the fermion parity (−1)n0 of the SC island changes between
even and odd. (d) Same as (b) but for an AST. The critical
supercurrent exhibits a sign reversal when the fermion parity
(−1)n0 of the SC island switches between even and odd.
(i) The 1e-periodicity of the critical supercurrent con-
stitutes a sharp deviation from the 2e-periodicity which,
in the absence of quasiparticle poisoning, appears for a
trivial CPT. Also, unlike in a trivial CPT, no above-gap
quasiparticles need to be accessible in the SC island for
a finite supercurrent.
(ii) Any finite MBS energy splitting, ε12 6= 0, lifts the
1e-periodicity of the supercurrent because the Josephson
couplings for even and odd charge states acquire differ-
ent energy denominators [59]. A practical consequence is
that we can use the deviation from perfect 1e-periodicity
as a tool for a qualitative estimate of the MBS energy
splitting ε12.
Returning to Eq. (11), the second tuning parameter in
the critical supercurrent is the magnetic flux Φ thread-
ing the SQUID loop. In Fig. 2(b), we schematically plot
the magnetic flux-dependence of the critical supercur-
rent. We again find that the current-phase relation is in-
dependent of the total fermion parity (−1)n0 on the SC
island. This feature will not carry over from the MST to
the AST.
Finally, we note that the observation of a finite su-
percurrent across the SC island requires finite local and
4non-local couplings between the SC leads and the MBSs.
As the non-local couplings are exponentially suppressed
in the length d of the SC island, one might question if
the above-described features of the supercurrent are mea-
surable. Fortunately, measuring small currents does not
pose an experimental challenge but requires only pro-
longed measurement times. Indeed, for a nanowire CPT
subject to a magnetic field recent experiments observed
a transition from a 2e- to a 1e-peak spacing in the mag-
nitude of the switching current versus island-gate charge
[49]. We suggest that such transition can arise as a result
of nearly-zero-energy MBSs or, as we will see in the next
section of our proposal, nearly-zero-energy ABSs.
Supercurrent in the AST regime. We now turn our
attention to the supercurrent for the AST where two
ABSs, or equivalently four MBSs γ1, γ2, γ3, γ4, mediate
the Cooper pair transport between the SC leads. We fo-
cus on the limit of nearly-zero-energy ABSs, εij  ∆, U .
This is the only limit that needs to be distinguished from
the MST for qubit applications [5–15].
As a first step, we note that the local couplings
λsL1(3), λ
s
R2(4) between the ABSs and the lead electrons
induce the dominant contribution to the supercurrent.
As a result, we expect the supercurrent for the AST to
be exponentially larger compared to the MST where a
finite supercurrent always requires finite non-local cou-
plings. Notably, non-local couplings are also present for
the AST but produce a contribution that is considerably
weaker and, as we will argue, do not alter our findings
qualitatively. For now, we set λsL2(4) = λ
s
R1(3) = 0.
Next, we notice that, for the same as reasons as in
the MST regime, the second-order sequences in the tun-
nelling amplitudes λsmi do not contribute to the supercur-
rent. Consequently, the lowest-order contribution only
appears in fourth-order of perturbation theory. In such a
fourth-order sequence, a Cooper pair moves between the
two SC leads by tunnelling in and out of the two ABSs,
or equivalently the four MBSs, at the ends of the SC is-
land. Notably, such sequences involve all four MBSs on
the SC island, ∝ γ1γ2γ3γ4, and, hence, depends on the
total fermion parity of the SC island through Eq. (6).
We again compute the amplitudes of the relevant se-
quences perturbatively in the weak-coupling limit and
summarize our findings by an effective Hamiltonian,
H ′eff = −Jref cosϕref − J ′(γ1γ2γ3γ4) cosϕ′. (12)
Here, for the Josephson junction which indirectly couples
the SC leads via the SC island, we have introduced the
phase drop ϕ′ = ϕL−ϕR +ϕ′0 where ϕ′0 is an anomalous
phase shift that results because the tunnelling amplitudes
λsmi are complex numbers. We give the microscopic form
of the Josephson coupling J ′ in [59]. Here, we only note
that J ′ 6= 0 as long as |ΓL13ΓR24| 6= 0.
The effective Hamiltonian of Eq. (12) is our second
main finding. The resulting supercurrent is
I ′ = Iref,0 sinϕref + (−1)n0I ′0 sinϕ′, (13)
where I ′0 = 2eJ
′/~. We measure this current-phase rela-
tion of the supercurrent with the critical current through
a highly asymmetric SQUID, Iref,0  I ′0. We have,
I ′c = Iref,0 + (−1)n0I ′0 cos
(
2piΦ
Φ0
+ ϕ0
)
. (14)
The critical supercurrent depends on two parameters:
The first dependence is on the island-gate charge Q
which we depict schematically in Fig. 2(c) for zero-energy
ABSs, εij = 0. Here, the magnitude of the critical su-
percurrent is still 1e-periodic in the gate charge Q. This
behavior is identical to the MST regime and, therefore,
does not allow us to make a distinction between nearly-
zero-energy ABSs and MBSs. However, because the su-
percurrent depends on the total fermion parity (−1)n0
of the SC island, the sign of the critical supercurrent re-
verses when we tune the gate charge from Q to Q + e.
This sign reversal is also visible in the dependence on the
the magnetic flux Φ, see Fig. 2(d). Most crucially, this
sign reversal did not show up for a MST. Hence, it con-
stitutes a distinctive feature by which we can distinguish
the MST from the AST.
Before closing, we remark that in our calculations for
the AST the supercurrent across the SC island only in-
volves contributions that are parity-dependent. This is
an outcome of our assumption of purely local couplings
between the ABSs on the SC islands and the fermions
in the SC leads. If we admit non-local couplings, as for
the MST, parity-independent contributions will appear.
These parity-independent contributions occur when a
Cooper pair moves between the SC leads by tunnelling
in and out via the same ABSs or, equivalently, the same
two MBSs. However, it is important to note that these
non-local contributions are significantly smaller in magni-
tude compared to the local contributions. As a result, it
is not conceivable that the non-local contributions over-
whelm the sign reversal of the supercurrent that arises
due to the local contributions.
Conclusions. We have shown that the magnitude of
the supercurrent through the MST or the AST exhibits
a 1e-periodicity in the island-gate charge. This feature
is unlike the trivial CPT where, in the absence of quasi-
particle poisoning, the supercurrent is 2e-periodic in the
island-gate charge. Moreover, we have demonstrated that
when tuning the island-gate charge between even and odd
charge ground states the supercurrent reverses its sign for
the AST. For the MST we find no such sign reversal. This
peculiarity may help to clarify the nature of zero-energy
bound states in TSC candidate systems and should be
the first step towards Majorana qubit applications.
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In the Supplemental Material, we provide the microscopic form of the Josephson couplings and anomalous phase
shifts which appear in the effective Hamiltonians for the Majorana superconducting transistor and the Andreev
superconducting transistor.
EFFECTIVE HAMILTONIAN FOR THE MAJORANA SUPERCONDUCTING TRANSISTOR
In this first section of the Supplemental Material, we give the microscopic form of the MST-effective Hamiltonian
when 0 ≤ ε12  ∆, U . As an initial step, we recall from Eq. (9) of the main text that the effective Hamiltonian is of
the form,
Heff = −Jref cosϕref − J cosϕ. (15)
The expressions for the phase drop ϕref and the Josephson coupling Jref across the Josephson junction which directly
couples the SC leads were already given in the main text. Here, we focus on the Josephson junction that indirectly
connects the SC leads via the SC island. First, we find that the phase drop is given by,
ϕ = ϕL − ϕR + ϕ0 with ϕ0 = arg[(ΓL12)∗ΓR12]. (16)
Second, the Josephson couplings reads J =
∑
s,s′=± Jss′ with
Jss′ =
16|ΓL12ΓR12|
pi2∆
∫ ∞
1
dx dy (δss′ − 1)
f(x)f(y) [f(x) + f(y)] gs(x)gs′(y)
− 16|Γ
L
12Γ
R
12|
pi2hs
[∫ ∞
1
dx
f(x)gs(x)
]2
δss′ . (17)
Here, for the case ε12 = 0, we have introduced the functions,
f(x) ≡
√
1 + x2, gs(x) ≡ f(x) + UC(n0 + s)− UC(n0)
∆
, hs ≡ UC(n0 + 2s)− UC(n0). (18)
For the case 0 < ε12  ∆, U , we have the same expressions but with the replacement
UC(n)→ UC(n) + (−1)nε12. (19)
Notably, as long as ε12 = 0, the supercurrent is 1e-periodic in the island gate charge. This periodicity is lifted once
0 < ε12  ∆, U , see Fig. 3.
EFFECTIVE HAMILTONIAN FOR THE ANDREEV SUPERCONDUCTING TRANSISTOR
In this second section of the Supplemental Material, we present microscopic form of the effective Hamiltonian of a
AST. For simplicity, we will only consider the case when εij = 0. First, we recall from Eq. (12) of the main text that,
H ′eff = −Jref cosϕref − (γ1γ2γ3γ4)J ′ cosϕ′. (20)
Here, the phase drop across the Josephson junction with the SC island is given by
ϕ = ϕL − ϕR + ϕ′0 with ϕ′0 = arg[(ΓL13)∗ΓR24]. (21)
Second, we find for the Josephson couplings that J ′ =
∑
s,s′=± J
′
ss′ with
J ′ss′ = −
16|ΓL13ΓR24|
pi2∆
∫ ∞
1
dx dy
f(x)f(y) [f(x) + f(y)] gs(x)gs′(y)
− 16|Γ
L
13Γ
R
24|
pi2hs
[∫ ∞
1
dx
f(x)gs(x)
]2
δss′ . (22)
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FIG. 3. (Color online) (a) Schematic plot of the energy E of the island-charge ground state versus gate charge Q for 0 < ε12 
∆, U . The 1e-periodicity in Q, which is present as long as ε12 = 0, lifts once ε12 > 0. (b) Schematic plot of the critical current
Ic passing through the MST versus gate charge Q for 0 < ε12  ∆, U . Similar to (a), the 1e-periodicity in Q, which is present
for ε12 = 0, lifts once ε12 > 0.
